Terahertz ͑THz͒ lasers on optically pumped multiple-graphene-layer ͑MGL͒ structures as their active region are proposed and evaluated. The developed device model accounts for the interband and intraband transitions in the degenerate electron-hole plasma generated by optical radiation in the MGL structure and the losses in the slot or dielectric waveguide. The THz laser gain and the conditions of THz lasing are found. It is shown that the lasers under consideration can operate at frequencies տ1 THz at room temperatures.
I. INTRODUCTION
Graphene, graphene nanoribbons, and graphene bilayers ͑see, for instance, Ref. 1͒ can be used in different terahertz ͑THz͒ devices. [2] [3] [4] [5] [6] [7] [8] [9] Optical excitation of graphene can result in the interband population inversion and negative real part of the dynamic conductivity of a graphene layer in the THz range of frequencies. [7] [8] [9] The negativity of the real part of the dynamic conductivity implies that the interband emission of photons with the energy ប, where ប is the reduced Planck constant, prevail over the intraband ͑Drude͒ absorption. If the THz photon losses in the resonant cavity are sufficiently small, the THz lasing can be realized in graphene-based devices with optical pumping. 10, 11 In Refs. 10 and 11, the optically pumped THz lasers with a Fabry-Pérot resonator were considered. In this paper, we propose and evaluate the THz lasers based on multiple-graphene-layer ͑MGL͒ structures with a metal slot-line waveguide ͑SLW͒ or a dielectric waveguide ͑DW͒ pumped by optical radiation. The specific features of characteristics of the MGL-based lasers under consideration are associated with the frequency dependences of the absorption in the waveguides and the gain-overlap factor, which is sensitive to the spatial distribution of the THz electric field. As shown in the following, the characteristics of the lasers with SLW and DW are fairly similar, so that we will mainly focus on the device with SLW. This is in part because the structures with SLW exhibit somewhat better confinement, and can be used not only for MGL-based lasers with optical pumping but also in MGL-based injection lasers with lateral p-i-n junctions ͑both electrically induced [12] [13] [14] and formed by pertinent doping of MGL structure͒.
II. DEVICE MODEL
We consider lasers ͑a͒ with a MGL structure on a SiC or Si substrate with the side highly conducting metal strips and a highly conducting back electrode at the substrate bottom and ͑b͒ with a MGL structure on the top of a SiC or Si slab serving as a DW. The cross-sections ͑corresponding to the y − z plane͒ of the device structures under consideration are schematically shown in Fig. 1 . The axis x corresponds to the direction of the electromagnetic wave propagation, whereas the y and z directions are in the MGL structure plane and perpendicular to it, respectively ͑see Fig. 1͒ . The MGL plane corresponds to z = 0. The finiteness of the MGL structure thickness can be disregarded. It is assumed that the MGL structure under consideration comprises K upper GLs and a highly conducting bottom GL on a SiC substrate or K GLs ͑without the bottom GL͒ on a Si substrate. Epitaxial MGL structures with up to K = 100 GLs with very long momentum relaxation time of electrons and holes ͑ Ӎ 20 ps͒ were recently fabricated using the thermal decomposition from 4H-SiC substrate. 15 It is assumed that the MGL structure is illuminated from the top by light with the energy of photons ប⍀. The optical waveguide input of the pumping radiation is also possible. When ប⍀ is close to Nប 0 / 2, where ប 0 Ӎ 0.2 eV is the optical phonon energy and N is an integer, the photogeneration of electrons and holes and their cooling, associated with the cascade emission of optical phonons, result in an essentially occupation ͑population inversion͒ of low energy states near the bottom of the conduction band and the top of the valence band. At elevated electron and hole densities ͑i.e., at sufficiently strong optical pumping͒, the electron and hole distributions in the range of energies Ӷប 0 in the kth GL ͑1 Յ k Յ K͒ can be described by the Fermi functions with the quasi-Fermi energies F ͑k͒ .
The quasi-Fermi energies in the GLs with k Ն 1 are mainly determined by the electron ͑hole͒ density in this layer ⌺ k , i.e., F ͑k͒ ϰ ͱ ⌺ ͑k͒ and, therefore, by the rate of photogeneration G ⍀ ͑k͒ by the optical radiation at the kth GL plane.
Considering the attenuation of the optical pumping radiation due to its absorption in each GL, one can obtain
Here, I ⍀ is the intensity of incident pumping radiation, ␤ = e 2 / បc Ӎ 0.023, where e is the electron charge, c is the speed of light in vacuum, and ␤ B = ͑4 / c͒Re ⍀ B . The latter quantity accounts for the absorption of optical pumping radiation in the bottom layer. A relationship between F ͑k͒ and G ⍀ ͑k͒ is determined by the recombination mechanisms. 11 As a result, F ͑k͒ can be expressed via the quasi-Fermi energy in the topmost GL F T = F ͑K͒ , which, in turn, is a function of the intensity of incident pumping radiation I ⍀ .
Since the thickness of the MGL structure is small in comparison with the wavelength of THz radiation, the generation and absorption are determined by the real part of the net dynamic conductivity, which is the sum of the real parts of the dynamic conductivity of the bottom GL Re B and other GLs ͑k͒ Re = Re
Considering the expressions for Re B and Re ͑k͒ obtained previously, 11 one can arrive at the following:
͑3͒
Here, B and are the electron and hole momentum relaxation times in the bottom and other GLs, respectively, T is the electron and hole temperature, and k B is the Boltzmann constant. The first two terms in the right-hand side of Eq. ͑3͒ are associated with the intraband ͑Drude͒ absorption of THz radiation in all GLs, whereas the third term corresponds to the interband transitions. In the case of lasers without the bottom GL, one can use Eq. ͑3͒ formally setting B = ϱ. The electromagnetic waves propagating along the SLW was considered using the following equation, which is a consequence of the Maxwell equations: the condition E ͑y , z͒ → 0 at y , z → Ϯϱ. Equation ͑4͒ was solved numerically using the effective index and transfermatrix methods ͑see, for instance, Refs. 18 and 19͒. The coefficient of absorption of the propagating mode ␣ and the coefficient of reflection from the interfaces between the laser structure edges and vacuum R were calculated using the following formulas, respectively: ␣ =2 Im q and R = ͉͑q − q 0 ͒ / ͑q + q 0 ͉͒ 2 , where q 0 = / c. The THz gain, which describes the attenuation or amplification of the propagating mode, under optical pumping can be calculated using the following formula:
where
is the gain-overlap factor ͑in the case when is independent of coordinate y͒ and S is the permittivity of the substrate ͑SiC or Si͒. Figure 2 shows the absorption coefficient ␣ of electromagnetic waves propagating along the SLW and the coefficient of reflection from the laser structure edges as function of frequency / 2 calculated using Eq. ͑4͒ for different widths of the slot D and the strips D c and the substrate thickness W. The strips and the back electrode are assumed to be made of Al. Examples of the spatial distributions of the THz electric field in the electromagnetic wave in laser structures with D =15 m at / 2 = 1.8 THz in question are show in Fig. 3 . The electric field distributions with the frequency dependences of the dynamic conductivity of the MGL structures obtained by solving Eq. ͑4͒ were substituted to Eqs. ͑5͒ and ͑6͒ to find the gain-overlap factor and the THz gain. Figures 4 and 5 show the frequency dependences of the THz gain g calculated for the laser structures with ͑Fig. 4͒ and without ͑Fig. 5͒ bottom GL and with different structural parameters at different pumping conditions ͑different values of the quasi-Fermi energy͒ and at T = 300 K. It was assumed that ប⍀ = 920 meV, = 10 ps, and B = 1 ps. The chosen value of is twice as small as that found experimentally 15 in MGL structures with different number of GLs ͑up to K = 100͒. To take into account a shortening of the momentum relaxation time with significant increasing electron density, 
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this time in the bottom GL was chosen ten times shorter than in other GLs. As seen from comparison of the top panels of Figs. 4 and 5, the laser structures with and without the bottom GL ͑with K =20͒ exhibit qualitatively similar frequency dependences of the THz gain g ͑at chosen geometrical parameters͒ but with somewhat higher maxima in the latter structures. In the case of the structures with K = 100, these dependences ͑compare lower panels of Figs. 4 and 5͒ are virtually identical. The frequency min at which g changes its sign is min / 2 Ӎ 2 THz in the laser structures of both types. The latter is different from the situation in the MGL lasers with the Fabry-Pérot resonator, 11 in which eliminating the bottom GL can lead to a pronounced decrease in min . This is attributed to the effect of SLW: the variation in the frequency results in a redistribution of the spatial distribution of the THz electric field and, hence, in a change in the gainoverlap factor. Due to this, the spacing between the MGL structure W and the back electrode affects the frequency dependences of the THz gain. Figure 6 shows these dependences calculated for different W. One can see that the height of the THz gain maxima decreases with increasing W. Simultaneously the frequency min shifts toward lower values. This shift is more pronounced in the laser structures without the bottom GL ͓compare Figs. 6͑a͒ and 6͑b͔͒. As seen from A decrease in the momentum relaxation time ͑which results in an enhancement in the Drude absorption͒ leads to an increase in min and to a decrease in ͉Re ͉ in the range of frequencies, where Re Ͻ 0. This is seen in Fig. 8 .
The above results correspond to T = 300 K. Lowering of the temperature should lead to widening of the frequency range where Re is negative and where g can be positive. As a result, min might decrease with decreasing temperature. The latter is confirmed by the calculated temperature dependences of min shown in Fig. 9 . Figure 10 shows the frequency dependences of the THz gain calculated for laser structures with SLW and DW for T = 300 K and = 10 ps. One can see that the maximum of the THz gain in the laser with SLW is somewhat higher than that in the laser with DW. This can primarily be explained by the effect of the spatial distribution of the THz electric field on the gain-overlap factor ͓compare Figs. 3͑a͒ and 3͑b͔͒. To maximize the THz gain at the desirable frequency, one needs carefully optimize the geometrical parameters.
Considering the propagation of the THz electromagnetic wave in the laser structure ͑with the length L in the x-direction͒ and its reflection from edges or from the external mirrors ͑with the reflective coefficients R 1 and R 2 ͒, the condition of lasing can be presented as As shown above, at the quasi-Fermi in the topmost GL about F T = 30-50 meV, the achievement of the THz lasing in the devices under consideration at room temperatures is feasible. At T = 300 K the condition F T տ 30 meV corresponds to the electron and hole densities about 2 ϫ 10 11 cm −2 . Such densities can be obtained at reasonable optical powers ͑see Ref. 12 and the references therein͒.
IV. CONCLUSIONS
We proposed THz lasers with optical pumping based on MGL structures with waveguides and calculated their characteristics. The feasibility of lasing in the devices under consideration at the low end of the THz frequency range at room temperatures was demonstrated. 
